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On the Conditional Probability of Quintets

By N. VAN DER PUTTEN AND H. SCHENK

Laboratory for Crystallography, University of Amsterdam, Nieuwe Achtergracht 166, Amsterdam,
The Netherlands

(Received 1 March 1977; accepted 2 April 1977)

A new expression for the conditional probability distribution of quintet structure invariants is given,
which in exponential approximation reduces to the exponential expression of Hauptman & Fortier
[Acta Cryst. (1977), A33, 575-580]. In a practical example the expression gave promising results.

Introduction

Several expressions for the conditional probability
distributions (c.p.d.) of quartet and quintet structure
invariants have been reported, some of which have a
purely exponential form while others contain Bessel
functions as well.

For quartets the theory is well established. For the
magnitudes of the reflexions H, K, L, H+K+1L,
H+K, H+ L, K+ L Hauptman (1975) derived the ex-
pression

P(lp4)=L exp (—4E,4 cos ¢)[o(2N~V*|Eg, k| Zgx)
X Io2N " 2|Eg 4 1| Zg ) o2N ™3| Ex+ 11 Zk1) (1)
in which L is a suitable normalizing constant,
Eq=N"'E4ExE Eq. k1l
Pa=Qu+Qxk+QL+P-_g-k-L,

I, is a modified Bessel function and
Zyx=(EZE}+E}E} x+1+2NE4 cos @,)'/? .

Dependent on the seven |E| values a maximum value
of P(|gg4|) corresponds to a phase |p4| anywhere in
the range 0<|p4| <™.

A second expression for the c.p.d. of quartets is
derived by Giacovazzo (1976):

P(lpa))=L"exp [-2E4,2—Ef+x
—E}.1—Efi1)cos o] (2)

in which L’ is a suitable normalizing constant. This
formula has maxima for ¢,=0 or = only.

Making use of
22
Io(z)~exp (Z) > 3)

which is valid for small values of z, Heinerman (1976)
(see also Giacovazzo, 1977) has shown that (2) is an
approximation of (1). Test results (Schenk, 1977) show
that (1) leads to phase estimates with smaller errors
than (2) does.

For the estimation of phases

los|=loua+@x+ oL+ OMm+@-g-k-L-M|

of quintet relations several procedures and expressions
have been described (Schenk, 1975; Schenk & van der
Putten, 1976; Krabbendam, 1976; van der Putten &
Schenk, 1976; Hauptman & Fortier, 1977).

Among the purely exponential expressions the one
of Hauptman & Fortier (1977) looks the most prom-
ising.

P(lps))=C exp [( Z EfxEliu

15 terms

_22

10 terms

Ef . x+6)2Es cos @s]. (4)

Here C is a suitable normalizing constant, the sums
are taken over all combinations of the 10 cross-re-
flexions H + K etc. and

Es= N_3/2|EHEKELEMEH+K+ L+M| .

Like its quartet analogue (2) this formula gives values
for |@s| of 0 and 7 only.

The mixed exponential-Bessel formulae for quintets
reported so far are proposed on the basis of the purely
exponential expressions. It was stated by Hauptman
& Fortier (1977) that: ‘it is therefore plausible to as-
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sume that the correct functional form for Psj;s is an
exponential multiplied by ten Bessel functions’. Under
this assumption and employing (3) they transformed

(4) into
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Fig. 1. Graph of | 5rue)| against |@sear| in millicycles (1000 milli-
cycles =2n) calculated with (4). The number of quintets with the
same |@sqrue| and [@seaie)| are represented by capital letters: A4
means 1, B 2, C 3 etc.
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Fig. 2. Graph of [ s¢ue)l against @ s(caie)l calculated with (5).
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[T 1QEq+xXux) (5)

10 terms

in which C’ is a suitable normalizing constant and
(Fortier & Hauptman, 1977)

Xux=N"**[4"'EFGEXE} s M+ Efsx+m
+Efik+r—4*+N>2E5(E} s+ Efi s xam
+E}+x+1—4) cos ¢5+E£E1%1E121+K+L+M]1/2 .

P(lps))=C"exp (12Escos ¢s)

By the exponential approximation (3) the Bessel ex-
pression (5) reduces to the pure exponential form (4).
The object of this paper is to indicate that there are
many Bessel-type equations which reduce to the same
exponential expression (4). The one which describes
Pjos| best for practical purposes can be selected ex-
perimentally, as will be shown.

Exponential Bessel expressions for the c.p.d.
of quintets

In Fig. 1 the phases |¢s| predicted by means of (4)
are plotted against the true phases |¢s| for 400 quintets
with E5>0-35 for a real 30-atom P1 structure.
Although only phases of 0 and © can be predicted,
the results are promising.

In Fig. 2 a comparable plot is given for predictions
by the exponential Bessel equation (5) of Hauptman
& Fortier (1977), from which it can be seen that the
predicted phases do not reproduce the true phases
at all.

Many expressions of the general form

P(ps)=Cexp(Adcosps) [] IoB) (6)

10 terms
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can be formulated which all reduce to (4) by the ex-
ponential approximation (3) of the Bessel functions.
We have made calculations with about 15 of them
and produced plots comparable with Figs. 1 and 2.

All expressions but one do not reproduce the true
phases, an example of which is given by

P(los)=Cexp[(6—2 ) Ef+x)2Escos ¢s]

10 terms

X H IoREg +xYux) (7)

10 terms
in which
Yax=N">*[4 'EREXE} s m+Ef+k+m+ Efoxer)
+N*ES(E} v+ Efpex s m+Ef+x+1) COS @5
+EIEMER vk vrem]V?.

The plot of the phases |¢s], predicted with (7), against
the true phases is given in Fig. 3, and again the
predicted phases do not reproduce the true phases,
although the plot is quite different from Fig. 2.

The only expression for the c.p.d. with good test
results is given by

P(lpsh=Cexp[(6— Y  Ef.x)2Escos ¢s]

10 terms

X n Io(2Eq + k Yuk) (8)

10 terms

in which C is a suitable normalizing constant and
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Fig. 4. Graph of [@5(ue)| against |@sa1) calculated with (8).

ON THE CONDITIONAL PROBABILITY OF QUINTETS

Yax=N"**[47 ' EZEXE} +m+Efsk+n
+Efiks1—2 +N*?Es(Ef s+ Efyrgam
+Efik+1—2)C08 05+ EIEHE: ckvrm]' .

It is striking that in the Yk expressions terms related
to the quartet formula (2) are present.

The plot of the test results of this equation is given
in Fig. 4, and it can be seen that true phases are well
estimated by the predicted phases. The mean difference
|05 tcuerl — 19 5(caro)l| > = 68 millicycles, which is smaller
than the same quantities for our empirical method
(79 millicycles, Schenk & van der Putten, 1977) and
our earlier proposed expression (88 millicycles, van der
Putten & Schenk, 1976):

P(lgs[)=C exp (—18E5 cos ¢s)

X n 142N~ 3/4|EH +kl Yux)

10 terms

in which
Yak=[ELEuEn + k+1+m(Ef+E%+2|EqEg|cos @s)] V2

It might well be that (8) is the Bessel counterpart
of the exponential formula (4), but the only way to
ascertain this would be the derivation of the Bessel-
exponential expression for quintets as Hauptman
(1975) has done for quartets. Until this is done (8)
seems good enough for practical purposes.

Note added in proof: In the finally published version of
Hauptman & Fortier (1977) expression (5) has been
replaced by two related formulae. Test results give
similar graphs to those shown in Fig. 2.

The authors thank Dr C. H. Stam and Professor
B. O. Loopstra for criticizing the manuscript.
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